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Clustering

Clustering is the task of assigning a set of objects into groups
(called clusters) so that the objects in the same cluster are more
similar (or related) to each other than to those in other clusters.

1. News Services like Google News(below figure)
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Threat to Syrian Civilians Is Growing, Officials Say

Intra-cluster
distances are
minimized

BEIRUT, Lebanon - Human rights workers and diplomats said Thursday that Syria's military was increasingly relying on
indiscriminate air power to crush the insurgency, as top United Nations officials attending a special Security Council
session reported ...

Isaac's remnants bring headaches but also relief to US drought

* Fading storm still triggers flash floods, tornadoes * New Orleans flood defenses came through unscathed * Onshore
insured losses seen up to $2 billion By Ellen Wulfhorst and Scott Malone NEW ORLEANS, Aug 31 (Reuters) - The
remnants of Hurricane Isaac ...

The insider attack which left three Diggers dead may happen again: Stephen Smith

Video Image Video Darkest day since Long Tan < Prev of 4 Next = On the front line in Oruzgan A TASKFORCE including
Australian troops has been sent to hunt down the rogue Afghan soldier who shot dead three Diggers and wounded two
more.

WikiLeaks' Julian Assange sees up to a year in Ecuador embassy

QUITO: Julian Assange expects to wait six menths to a year for a deal to free him from Ecuader's embassy in Londen, and
hopes Sweden will drop its case against him, the WikiLeaks' founder said in an interview broadcast on Thursday.

Killer demands 'Free Pussy Riot' in blood

Russian pelice said they have found a message in suppert of the jailed members of the Pussy Rict protest band written in
blood over the stabbed bodies of an elderly woman and her daughter.
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By DEVON MAYLIE JOHANNESBURG—Two weeks after police shot into a crowd of protesting miners here, killing 34, in
one of the worst instances of labor viclence since the end of apartheid, authorities filed murder charges against fellow
miners for those ...

REFILE-Scores arrested in new Maldives protest against Nasheed ruling
By Shihar Aneez MALE Aug 31 (Reuters) - Maldives police arrested at least 12 people in the early hours of Friday to break

up a protest by supporters of former president Mochamed MNasheed against a report that said he had been replaced
legitimately.

_ Similar news are

- grouped together.




Graph Clustering

2. Social network analysis

In the study of social networks, clustering can be used to
recognize communities within large groups of people.

« Maximize the number of within-group connections
* Minimize the number of between-group connections

/




What Is Good Clustering?

* A good clustering method will produce high guality
clusters with

— high Intra-class similarity

— low Inter-class similarity

* The quality of a clustering result depends on both the
similarity measure used by the method and its
Implementation.

* The quality of a clustering method Is also measured by
Its ability to discover some or all of the hidden patterns.

Some of the following slides are from Chris Clifton’s course slides



Types of Clusterings

A clustering Is a set of clusters

mportant distinction between hierarchical and
nartitional sets of clusters

Partitional Clustering

— A division data objects into non-overlapping subsets (clusters) such that
each data object is in exactly one subset

Hierarchical clustering
— A set of nested clusters organized as a hierarchical tree



Partitional Clustering

Original Points A Partitional Clustering



Hierarchical Clustering
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Data Structures

* An example with m features
Xi:[Xi11 SVIRRRE Xim]

« Data (set) matrix

11 Y1k X Im
Xil Yk Yim
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Partitioning Algorithms: Basic Concept

 Partitioning method: Construct a partition of a data D
of N objects into a set of k clusters

* Given ak, find a partition of k clusters that optimizes
the chosen partitioning criterion
— Global optimal: exhaustively enumerate all partitions
— Heuristic methods: k-means and k-medoids algorithms

— k-means (MacQueen’67): Each cluster is represented by the
center of the cluster

— k-medoids or PAM (Partition around medoids) (Kaufman &
Rousseeuw’87): Each cluster is represented by one of the
objects in the cluster




The K-Means Clustering Method

* The k-means algorithm is implemented in four steps:
— Compute seed k

— Partition objects points as the centroids of the clusters of
the current partition (the centroid is the center, i.e., mean
point, of the cluster)

— Assign each object to the cluster with the nearest seed
point

— Go back to Step 2, stop when no more new assignment

10



The K-Means Clustering Method

e Example
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Clustering

Similarity Metric
— distance function: d(i,})
— Minkowski distance
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dG, ])_q\/qxh X g, et —x 1)

g=1 for Manhattan distance, g=2 for Euclidean
— Asymmetric binary distance
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Comments on the K-Means Method

« Strength: Relatively efficient: O(tkn), where n is # objects, K is
# clusters, and t is # iterations. Normally, k, t << n.
« Comparing: PAM: O(k(n-k)? ), CLARA: O(ks? + k(n-k))

« Comment: Often terminates at a local optimum. The global
optimum may be found using techniques such as:
deterministic annealing and genetic algorithms

« Weakness

— Applicable only when mean is defined, then what about categorical
data?

— Need to specify k, the number of clusters, in advance
— Unable to handle noisy data and outliers

— Not suitable to discover clusters with non-convex shapes

13



Initlal Centroids Selection
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Initlal Centroids Selection

Multiple runs
— Helps, but probability is not on your side

Sample and use hierarchical clustering to
determine initial centroids

Select more than k initial centroids and then
select among these initial centroids

— Select most widely separated
Postprocessing

15



Limitations of K-means: Density
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Imitations of K-means: Non-global Shape
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The K-Medoids Clustering Method

* The k-means algorithm is sensitive to outliers !

— Since an object with an extremely large value may substantially distort the

distribution of the data.

« K-Medoids: Instead of taking the mean value of the object in a
cluster as a reference point, medoids can be used, which is the

most centrally located object in a cluster.

000000000000000000000000

18



The K-Medoids Clustering Method

Find representative objects, called medoids, in clusters

PAM (Partitioning Around Medoids, 1987)

— starts from an initial set of medoids and iteratively replaces one of the
medoids by one of the non-medoids if it improves the total distance of
the resulting clustering

— PAM works effectively for small data sets, but does not scale well for

large data sets

CLARA (Kaufmann & Rousseeuw, 1990)
CLARANS (Ng & Han, 1994): Randomized sampling

Focusing + spatial data structure (Ester et al., 1995)

19



Typical K-medoids algorithm

Total Cost = 20
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PAM (Partitioning Around Medoids) (1987)

PAM uses a greedy search which may not find the optimum
solution, but it is faster than exhaustive search.

Initialize: greedily select k of the n data points as the medoids to
minimize the cost.

Associate each data point to the closest medoid.

Repeat

— For each medoid i, for each non-medoid data point h, compute the total
swapping cost TCy;

— Select a pair (1, h) that minimizes TCy;

— If min TC;, < 0 then swap i with h to form the new set of k representative
objects;

Until min TC;;, > 0

21



PAM(Partitioning Around Medoids)(1987)

* Runtime complexity:
— O(k(n-k)?) per iteration, by only computing the change in cost.

— Cost of swapping i and h: TC;, = ¥ Ciin
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CLARA: Clustering LARge Applications(1990)

« Sampling based method:

— It draws multiple samples of the data set, applies
PAM on each sample, and gives the best clustering

as the output.
« Strength: deals with larger data sets than PAM.

« Weakness:

— Efficiency depends on the sample size. (O(ks?+k(n-
k)), where s is the size of the sample)

— A good clustering based on samples will not
necessarily represent a good clustering of the
whole data set if the sample is biased.
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CLARANS: Clustering LARge Applications Based
Upon Randomized Search (1994)

 \WWorks on the entire data set

* Only explores a subset of the possible swaps of
medoids and non-medoids using sampling

« Time complexity: O(n?)

24



Hierarchical Clustering

* Use distance matrix as clustering criteria. This
method does not require the number of clusters
k as an input, but needs a termination condition

StepO Stepl Step2 Step3 Step4 agglomerative
- (AGNES)

| | | | | divisive
Step4 Step3 Step2 Stepl Step 0 (DIANA)
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Hierarchical Clustering

 Start with clusters of individual points and

a proximity matrix N i e o1
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Hierarchical Clustering

« After some merging steps, we have spme clusters
Cl|C2| C3| C4|C5
C1l
C2
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ORI
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Proximity Matrix
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Hierarchical Clustering

« The question is “How do we update the proximity
matrix?” ?

U
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Inter-Cluster Similarity

pl | p2 p3 p4 | pS

Similarity? ol

p2

p3

MIN .

p5

MAX

Group Average .

Distance Between Centroids - proximity Matrix

Other methods driven by an
objective function
— Ward’s Method uses squared error
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Hierarchical Clustering: Time and Space

* O(N2) space since it uses the proximity matrix.
— N is the number of points.

* O(N3) time in many cases
— There are N steps and at each step the size, N2, proximity
matrix must be updated and searched

— Complexity can be reduced to O(N? log(N) ) time for some
approaches

30



Hierarchical Clustering: Limitations

* Once a decision iIs made to combine two
clusters, it cannot be undone

* No objective function is directly minimized

 Different schemes have problems with one or
more of the following:
— Sensitivity to noise and outliers

— Difficulty handling different sized clusters and
convex shapes

— Breaking large clusters

31



Unsupervised Learning

» Clustering
— K-means, K-medoids, Hierarchical clustering
— Mixture Models

* Dimension Reduction
— Principal Component Analysis

32



Mixture Models
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Mixture Models

 Problems with K-means

— Hard assignment: Data point is deterministically
assigned to one and only one cluster.

— In reality, clusters may overlap.
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Mixture Models

* N random variables distributed according to a mixture
of K components, with the components belonging to
the same parametric family of distributions (e.g. all
normal, etc.) but with different parameters.

« Latent variables:

— specifying the identity of the mixture component of each
observation. (Each follows a K-dimensional distribution)

- z;. component of observation 1.

« Mixture weights:
— probabilities that sum to 1.
— ¢;: prior probability of a particular component 1I.
- z; ~ Multinomial(¢)

35



Mixtures of Gaussians

Recall the Gaussian distribution

1 (—%(X —p)TE T (x - u))

P(x| p,X%) =

Jenis

36



Mixtures of Gaussians
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Mixtures of Gaussians

* Given a training set {x{, x,, ..., x5 }, we wish to model
the data by specifying a joint probability p(x;, z;) =
p(x;1z;)p(z;).

— Here, z; ~ Multinomial(¢), (X7-; ¢; = 1, and the parameter
¢; gives p(z; = j)), and x;|z; = j ~ N(u;j, Z;).
— Our model posits that each x; was generated by randomly

choosing z; from {1, ..., k}, and then x; was draw from one of
k Gaussian depending on z;.

38



Mixtures of Gaussians

« Parameters of our model: ¢, u and .

« How to estimator?
— Likelihood of our data;

U, 1,2) =) log p(x,;6, 11, %)
i—1

N k
= log) p(x;u,2)p(z,;9)
i=1

J=1

— Maximum Likelihood Estimation

However, if we calculate derivatives w.r.t. the parameters and
try to solve, we will find that it is not possible to find the
maximum likelihood estimates of the parameters in closed form.

39



Mixtures of Gaussians

* Note that if we knew the z;'s, the maximum likelihood
problem would be much easier. Specifically, we could
then write down the likelihood as:

N
U1, 2) =D log p(x. | z; 14,2) +1og(z ;0)

i=1

« Maximizing this with respect to ¢, u and :

Zl{z LD ) (R CRyTR Cp
Zl{z = j}, u, = , 5 =+ N
Zl{z = J} 2.1z =/}

However, the z;’s are unknown, what can we do?
Solution: the EM algorithm

40



EM Algorithm

The EM (Expectation Maximalization) algorithm is an
iterative algorithm solving MLE for models depending
on unobserved latent variables. It has two steps

E-Step:
— Given current estimate of parameters
— Output "membership probabilities” - z;;

— Set up Q(6|6™): the expectation of log-likelihood given
current estimates.

M-Step:
— Maximize the Q function

41



EM Algorithm

Q(8]6) = By o llog L(0; x, Z)

zpw

= EZ|X,9(t} [log H L(Q: X Zl)]
1=1

1=1

S

E, x.q0 [1og L(6;x;, Z;)]
1

1

I
s |

i=1 j7=1

k
ZP(Za‘ =j| X; = x;;09) log L(6;; %, j)
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EM Algorithm

EM Algorithm description

Repeat until convergence: {
(E-Step) For each i, j, set:

P(X;|z; = J; U, L)P(zi=j|9)

Z;= P(z;, = jlx; ¢, u,Z) =

soft cluster assignment

Y& P(x|z, = I; u, X)P(zi=1|¢)

(M-Step) Update the parameters:

St X2, Z_Zl 1 l,(x —u) (x5 —y)

qb——E: Zo, Ui =
=1 )
l] / lel] lel]
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« Q: What's the relationship between EM and K-
means?

E-Step = Cluster
M-Step = Update the cluster center

44



Unsupervised Learning

» Clustering
— K-means, K-medoids, Hierarchical clustering
— Mixture Models

* Dimension Reduction
— Principal Component Analysis

45



Dimension Reduction

Dimension Reduction iIs the process of reducing the
number of random variables under consideration by
obtaining a set of principal variables.

— Given some data X € RV*™ (m might be huge), we would to
find a new representation X € RV*X K «m.

— Application: data visualization, data compression.
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Projection of the MNIST dataset via PCA
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PCA: Principal Components Analysis

« General Idea:

— Given data points in m-dimensional space

— Project into lower dimensional space while preserving as
much information as possible --- minimize the square error

for representing the original data

For example, given N data
point {x;; 1=1,..., N}, x; \iIn R™,
represent all data in two
dimensions.

X (enjoyment)

X, (skill)
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Principal Component Analysis (PCA)

* Principal Component Analysis is defined as an
orthogonal linear transformation.

— Linear transformation

>

1/
X = anul, ‘”le =1 >>~</
)

7N

 What is a good transformation?

— Find directions of maximum variance.

* The greatest variance of the data comes to lie on the first direction
(first principal component), the second greatest variance on the
second direction, and so on.

>
X1
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Principal Component Analysis (PCA)

 Find the first principal component:
— Maximize the variance:

T—\ _ T ¢ -
max—z“(u1 X —u, X)=maxu, Su, HuIHZ—l

nl

:—Z . :—Z(x —X)(x, —X)" «— Covariance matrix of X

nl n=1

— Recall the Rayleigh quotient of S and u:

T
u, Su,
R(S M) ! TSM £ I , and R(S Vi |:> U1 = Vmax

MM

Amax. the largest eigenvalue of S
Vmax- the eigenvector corresponding to A,

https://en.wikipedia.org/wiki/Rayleigh_quotient
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First Principle Component

Maximize Variance of Projection — First Principle Component Case

N

GEU z,u

1

= ' Tp

Wt =arg max u'Xp
u,||ul|2=1

Claim

1* is the eigenvector of L corresponding to the largest eigenvalue.
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First Principle Component

Proof

A is a real symmetric and positive semi-definite matrix = A = VAV T,
where A = diag(A1, A2, ,An), A1 > -+ > A, >0 and V is a matrix
of eigenvectors of A arranged as columns (orthonormal):

V =[vi,va, vyl

Suppose U= aivi + axvo + -+ + apVvp, Z?:l a? = 1, then:

n

w' Ap = Z EEDY
i=1
(2)

(17 = arg max ;J.TA;;_. = arg max Za?}\; =W

u,||ul|2=1 ai, 200 a=1—]

o1



Principal Component Analysis (PCA)

* Find the second principal component:

max — ) (u,x —u, X)=maxu, Su,
2NZ( ¥) =

subject to Hquz =1, u/u, =0

— Solution: u, is the eigenvector corresponding to the second largest
eigenvalue of S.

« We can compute the entire PCA solution by just computing the
eigenvectors with the top-K eigenvectors of the covariance
matrix.

— We can compute PCA using Singular Value Decomposition (SVD).
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PCA

«— distance

™~ projection

a b C

Figure: (a)(b) Projection to different axes u, where ||u||,= 1;
(c) ||xi||,%= distance?+ projection?

Minimizing the perpendicular distance to the axis is equivalent
to maximizing the variance of projection (in sense of 2-norm).
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PCA Algorithm

« PCA algorithm:

— X: N x m data matrix, with each row x; representing a data point
— X subtract mean x from each row vector x; in X

— covariance matrix X of X

— Find eigenvectors and eigenvalues of X

— PC’s « the M eigenvectors with largest eigenvalues

e Zero mean and unit variable normalization
— Let u=1/N} x
— Replace each x; with x;- u
— Let o>=1/N ) x;°
— Replace each x; with x;/ao;



How many components?

* More generally, if we wish to project our data onto a k-
dimensional subspace, we should choose v,---,v,, but
how many should be enough?

« For each singular vector, check how much data
variance Is represented by this singular vector.

« Take enough many eigenvectors to cover e.g., 80-
90% of the variance
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PCA Limitations

Problem

* The covariance matrix 2 is huge —O(m?), if the
dimension of the original data Is large
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Singular Value Decomposition

 Definition: Singular Value Decomposition: For X&R"*™M there
exists a factorization of the form

X=UDVT

with U an n Xk orthogonal matrix, D an r Xk diagonal matrix of
singular values, and V an m Xk orthogonal matrix.

)\ v, A
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Singular Value Decomposition

Singular value decomposition (SVD) provides another way to
factorize a matrix, into singular vectors and singular values.

Every real matrix has a singular value decomposition.

Interpretation:

— the left-singular vectors of i (i.e., columns in U) are the eigenvectors of
XXT,

— The right-singular vectors of X (i.e., columns in V) are the eigenvectors of
XTX.

— The nonzero singular values of X (i.e., D) are the square roots of the
eigenvalues of XX,

One useful feature of the SVD is to partially generalize matrix
Inversion to nonsquare matrices.
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Truncated SVD

« TSVD factorizes the data matrix into the three
matrices U, D, and V with the k-dimension.

k k
: s, 1
|
| S i K
I \. !
X ~ I U ______ { ——————————
~y I D
I T
, Y
|
|
XN Uyxr LRxR v

The complexity is O(min(m2n,mn2)), how to speed up?
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Fast Random tSVD

Y Randomness aS _g o0 3000 x 2000 5000 x 3000 10000 x 5000

a computational g

strategy g w ] I I
(%22:7_-- __.I __I

« 102 speedup!
* Brief Algorithm:
— Stage A: Construct a low dimensional subspace to approximate
the column space of X, with X=QQ'X, Q is mxk, k<<min(m, n)
« Y=AQ, Qis randomly generated by gaussian;
* Y=QR
— Stage B: B=Q'X, do tSVD for B=SDVT, QS=U
X = Q B
nxm mxk kxn

SR CRCRC ,bc)“ o\ﬁ"’* ‘\‘o’f} 9\\6 o0 @c‘# c}"‘} ‘\~o"> 6\'.‘5
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» Let us talk a bit about graph clustering

— Spectral clustering
[Donath & Hoffman, 1973; Fiedler, 1973]

' Spectral clustering Historty

® 1973 : Algebraic connectivity of graphs

® In Spielman and Teng ‘s paper (1996), we
know that we can even call the eigenvalue
and a corresponding vector which Fiedler
putted forward for the first time Fidler value
and a Fiedler vector.

a 1
Miroslav Fiedler
1926~2015



Graph Partitioning

* Undirected graph ¢(V,E):

 Bi-partitioning task:
— Divide vertices into two disjoint groups A, B
A @ (5) B
@ o o ©
* Questions:

— How can we define a “good” partition of G?
— How can we efficiently identify such a partition?

Some of the following slides are from Jure Leskovec'’s course slides
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Graph Partitioning

* What makes a good partition?

— Maximize the number of within-group
connections

— Minimize the number of between-group
connections
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Graph Cuts

* EXpress partitioning objectives as a function of
the “edge cut” of the partition

« Cut: Set of edges with one endpoint in each
group. cut(A,B) = waj

ieA,jeB If the graph is weighted W is the
weight, otherwise, all w;€{0,1}

A B
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Graph Cut Criterion

* Criterion: Minimum-cut
— Minimize weight of connections between groups

arg min, g Cut(A,B)
* Degenerate case:

“Optimal” cut
/ Minimum cut

* Problem:
— Only considers external cluster connections
— Does not consider internal cluster connectivity
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Graph Cut Criterion

« RatioCut
— Connectivity between groups relative to the size of each group

RatioCut(A, B)=cut(A, B) / |A|
|A|: the number of nodes in A4;

« NormalizedCut

— Connectivity between groups relative to the density of each
group

NCut(A, B)=cut(A, B) / min(vol(A), vol(B))

vol%A%: total weighted degree of the nodes in A:
vol(A) = Y;es ki (number of edge end points in A)

m Why use this criterion?
m Produces more balanced partitions

 How do we efficiently find a good partition?
— Problem: Computing best conductance cut is NP-hard, O(k2")



Adjacency Matrix

* Adjacency matrix (A):
— Nx N matrix
— A=[g;], a;=1 If edge between node I and |

* Important properties:
— Symmetric matrix
— Has n real eigenvalues
— Elgenvectors are real-valued and orthogonal
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Degree Matrix

* Degree matrix (D):
— nxn diagonal matrix

— D=[d;], di; = degree of node |
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Laplacian Matrix

* Laplacian matrix (L):
— Nxn symmetric matrix

o] Lo =

* What is trivial eigenpair?
-x=(1,...,1)thenL.-x=0andsoA=4;,=0
—Ozﬂ.lSAZSSAn
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Important Properties Laplacian L

(a) All eigenvalues are = 0
(b) x"Lx = ¥;; L;jx;x; = 0 for every x
(c) L can be writtenas L = N -N
— That is, L Is positive semi-definite
* Proof: (the 3 facts are saying the same thing)
—(©)=): xTLx = x"NTNx = (Nx)T(Nx) = 0
« As it is just the square of length of Nx

— (b)=(a): Let A be an eigenvalue of L. Then by (b)
xT'Lx >0soxLx =x"Ax =2xTx=21>0

— (a)=(c): Is also easy!

1
1]1-1
00
-1]10
0O
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Important Properties Laplacian L

* |mportant properties of L:
— Symmetric

— Eigenvalues are
non-negative real numbers

— Eigenvectors are real
(and always orthogonal)

— For any vector f, we have

1 n
FILf =5 ) wy(fi— f))?

[,j=1

— which can be proved:
fTLf = fTDf — fTWf = ¥l dif?- XL icawijfi f;
= (S0 dif? =28 wiifi f; + Xe dif?) = 358 wis (f; — £)?
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Example: RatioCut for k-spectral clustering

* Letusintroduce h={h,, ..., h\}, and each h; is a n-dimensional vector

0, Vi & A]
h:: = 1 ,
ji Vi € A;

V141

Then we have

1
h,Tth = 5 Z Wmn (h:m = hx'n)2
m=1 n=1

=l( > Wl : -0+ > wm(0- . i
2 me A; ng A, VlAi| mg A, ne A, VlAfI
1 1  §

= _( Z Wmn T + Z Wmn T
2 me A, ng A, IA'l mg A, ne A, |A'|
R e e N

= —(cut(A;, A;) — + cut(A;, Ai)—
2 | Ai | Ai
cut(A;, Ai)

| 4i] B
= RatioCut(A;, A;)

Now we have
k k
RatioCut(Ay, Ay,...Ax) =Y hlLhi =) (H'LH); = tr(H" LH)
i=1

=l
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Spectral Clustering

« A: adjacency matrix of undirected G

_ /\” =1

If (i,j) Is an edge, else O
X IS a vector in R" with components (xg, ..., x,))

— Think of It as a label/value of each node of ¢

* What Is the meaning of A- x?

ay,

a

nl

d,

da

n

nn

Y

Yn

:EIA4L]x5 :E: Xj

(i,j)EE

Entry y; Is a sum of labels x; of neighbors of I
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What Is the Meaning of Ax?

* j!" coordinate of A-x: |9 o D1 N %
— Sum of the x-values : A S
of neighbors of | L | o B R

— Make this a new x-value atnodej A - x = A4-x

« Spectral Graph Theory:
— Analyze the “spectrum” of matrix representing G

— Spectrum: Eigenvectors x® of a graph, ordered by
the magnitude (strength) of their corresponding
eigenvalues 1;: A ={4,4,,.... 4 }

A<A<.<A

Note: We sort 4; in ascending (not descending) order!



Find Optimal Cut [Fiedler' 73]

Back to finding the optimal cut
Express partition (A,B) as a vector
+1 Iifi€eA
Vi = .o
-1 ifi€EB
Enforce that [A| = |B| 2 2y, = 0
— Equivalent to being orthogonal to the trivial eigenvector (1, ...,1)

We can minimize the cut of the partition by finding a
vector y that minimizes:

min __f(y) = z (yi =)

ye{—1,+1}"

(i,j)EE W
Can't solve exactly. Let's relax y : >

: . =—=10 =
and allow it to take any real value. Vi 1 yj =+1
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A, as an Optimization Problem

See next slide

» Fact: For symmetric matrix M: for the proof.

Deriving this is

r M x a HW problem.

A= min <=
r:xTw=0 * ¢

(w, is eigenvector corresponding to A,)

 What is the meaning of min Xx'Lx on G?

T —

- = ZiDiixi — Z(i,j)EE inxj

2
- =X pes(d X7 — 2x%7) = Z(iJ)EE(xi A )
Y

Node i has degree d;. So, value x> needs to be summed up d; times.
But each edge (i, j) has two endpoints so we need x> +x]2
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Rayleigh Theorem X.= min s

z : xTwi=0

yeR™ @ . yi:of(y) Z(Z,])EE(y y]) y Ly

Yiyi=1 IR / N
X; 0 xj X
m A, = min,, f(y): The minimum value of f(y) is

given by the 2"d smallest eigenvalue X, of the
Laplacian matrix L

m x = argminy, f(y): The optimal solution for y is
given by the eigenvector x corresponding to A,,
referred to as the Fiedler vector

m Can use sign of x; to determine cluster assignment
of node i
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Approx. Guarantee of Spectral

* Suppose there Is a partition of G into A and B where
|A| < |B|, s.t. “conductance” of the cut (A,B)is S =
(# edges from Ato B) then /12 < 2,3

|A] Note: |A|<|B|
— This is the approximation guarantee of the spectral
clustering: Spectral finds a cut that has at most twice the
conductance as the optimal one of conductance .

* Proof:
— Let: a = |A|,b = |B| and e = # edges from A to B

— Enough to crzmose some x; based on A and B such that:
1, < 2875 < 96 (while also ¥, x; = 0)

2 X;

v /
A, is only smaller
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Approx. Guarantee of Spectral

* Proof (continued):

(1
-, Ifi€eA
—1) Let'sset: x; ={ ¢ ..
) y _|_l lf lEDB Note: |Al<|B]
b

* Let's quickly verify that }}; x; = 0: a (— %) + b (%) =0

_ 2) Then: 2G%)° _ Sieajes(ta) _ e(G) _

e i

1 1 1 1 2
-4 )< —F ) =<
€ (a T b) =€ (a + a) € a — 2'8 Which proves that the cost

achieved by spectral is better
than twice the OPT cost
e ... number of edges between A and B
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Approx. Guarantee of Spectral

« Putting It all together: The Cheeger inequality
IBZ
kaax

— where k,,,, IS the maximum node degree
In the graph
* Note we only provide the 1st part:d, < 27
'BZ

<1, <2B

« We did not prove <A,

max

— Overall this always certifies that A, always gives a
useful bound
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Spectral Clustering Algorithm

* Three basic stages:
— 1) Pre-processing
« Construct a matrix representation of the graph
— 2) Decomposition
« Compute eigenvalues and eigenvectors of the matrix

« Map each point to a lower-dimensional representation
based on one or more eigenvectors

— 3) Grouping

 Assign points to two or more clusters, based on the new
representation
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Spectral Partitioning Algorithm

« 1) Pre-processing:
— Build Laplacian

matrix L of the
graph

« 2) Decomposition:
— Find eigenvalues A

and eigenvectors x
of the matrix L

— Map vertices to
corresponding
components of X,

< .
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Spectral Partitioning

« 3) Grouping:
— Sort components of reduced 1-dimensional vector
— |dentify clusters by splitting the sorted vector in two
* How to choose a splitting point?

— Naive approaches:
« Split at O or median value

— More expensive approaches:

« Attempt to minimize normalized cut in 1-dimension
(sweep over ordering of nodes induced by the eigenvector)

1|03 Split at O: A B
C 2 | 06 Cluster A: Positive points

3|03 ‘ Cluster B: Negative points 0

4 | -03 1 0.3 4 | -03

5| -03 2 0.6 5 1-03

6

-0.6 3 ]03 6 | -0.6
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Example: Spectral Partitioning

. Components of x,
02r

01+F

09l /’/]

é ‘IIO ‘I|5 2|0
Rank in X,

o

Value of x,

o
—
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Example: Spectral Partitioning

02
0.15
(QV
X 01
-
O 0.05
b
e
@
>
e o] 5 1|0 1I5 2|0 2|5 3I0 3|5 4IO
Rank in x,
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Example: Spectral Partitioning

Components of X,

________________________________________

_O 2 1 1 1 1 Il Il 1
0 5 10 15 20 25 30 35 40

Components of X,
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k-Way Spectral Clustering

 How do we partition a graph into k clusters?

* Two basic approaches:

— Recursive bi-partitioning [Hagen et al., '92]

* Recursively apply bi-partitioning algorithm in a hierarchical
divisive manner

« Disadvantages: Inefficient, unstable

— Cluster multiple eigenvectors [Shi-Malik, "00]

 Build a reduced space from multiple eigenvectors
— Each node is now represented by k numbers

— We then cluster (apply k-means) the nodes based on their k-dim
representation

« Commonly used in recent papers
A preferable approach...
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Why Use Multiple Eigenvectors?

Approximates the optimal cut [Shi-Malik, '00]

— Can be used to approximate optimal k-way normalized
cut

Emphasizes cohesive clusters
— Increases the unevenness in the distribution of the data

— Associations between similar points are amplified,
associations between dissimilar points are attenuated

— The data begins to “approximate a clustering”
Well-separated space

— Transforms data to a new "embedded space”,
consisting of k orthogonal basis vectors

Multiple eigenvectors prevent instability due to
iInformation loss
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How to Select k?

» Eigengap:
— The difference between two consecutive eigenvalues

* Most stable clustering is generally given by the
value k that maximizes eigengap Ag:

A, = | Ay, — Ay
k | k k=1 | Note eigenvalues
° Example: are sorted in

descending order

50

SRSy
1

40

53 ’maXAk:‘/lz_M

IR — Choose

o k=2

1 2 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
k
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Unsupervised Learning

» Clustering
— K-means, K-medoids, Hierarchical clustering
— Mixture Models

* Dimension Reduction
— Principal Component Analysis
— Spectral Clustering
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Still fundamentally challenging

« How to select the best k, rather than ad-hoc

methods?

* Direction: Pre-training

IBERT, Jacob’18]

« Self-learning
[IMOCO, He'19]

Input [[ ]W[myl[dog}( ” t”[ ]Nhe W(Iikes”play}(##ig}([ ]1
Token
Embedd g Ecis Emy Edog EIS Ecute E[SEP] Ehe Ellkes Eplay E,ing Eiser)
= L 2 L ] L ] L ] = L = = L ] L ]
Segment
Embedd g EA EA EA EA EA EA EB EB EB EB EB
= L L ] e L ] = L = = L ] L ]
Position
Embedd g EO El EZ E3 E4 E5 E6 E7 EB E9 EID
contrastive loss contrastive loss contrastive lo
gk gk gk
k q k q k
eeeeeeeeeeeeeeeeeeee sampling encoder i
eeeeee
mmmmm
bank
zk z? z? z*
(a) end-t d (b) memory bank (c) MoCo
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Thanks!

Jie Tang, DCST

http.//keq.cs.tsinghua.edu.cn/jietang/
http://aminer.org

Email: jietang@tsinghua.edu.cn

e

1l
1l
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http://arnetminer.org/
mailto:jietang@tsinghua.edu.cn

Appendix: Several useful slides
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T
. : M
Proof: A2 = min *+=
x :xlw;=0
« Write x In basis of eigenvecs wy,w,, ...,w,, of M and A; are
corresponding eigenvalues. So, x = Y. a;w;

* Then we get: Mx = ); “J‘L}JZ a;A;w;
* So, what is x" Mx?

A e

Mx
AL

N
T — T —
- x'Mx = (Zi aiw;) (X aidiwy) = X5 aida;
— 2 T 2
= X af Aywrw= ) A
=0if i #j, 1 otherwise
— Want minimize this over all unit vectors w:
w = min over choices of (a4, ... a;;) So that:

e xTw; = 0, rewrite it as (3; a;w;) - w; = 0 and remember that
w] w; = 0 (because w are eigenvectors). Then a; =0

e Ya? =1 (unitlength)
— So, to minimize this, set @, = 1 and the restto 0 ¥; 4;a? = 1,
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Finding x that Solves .= min =M

x:xTwi=0

« What else do we know about x?
- x is unit vector: Y, xf = 1

- x Is orthogonal to 15t eigenvector (1, ..., 1) thus:
ixi-1=2;x=0

« Remember:
2
2 —min Z (i, j)eE (X, _Xj)
.

All labelings _ X-2
of nodes i so [ |

that le' =0

We want to assign values x; to nodes i such that
few edges cross 0.
(we want x; and x; to subtract each other) Balance to minimize
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